Abstract: A nite Heisenberg magnetic ring with an arbitrary single-node spin and two spin deviations from the ferromagnetic saturation is considered as the system of two Bethe pseudoparticles. The set of all relevant magnetic con gurations spans a surface which can be recognised as a M} obius strip. The dynamics of the system imposes the double twist of all regular orbits of the translation symmetry group.
Introduction
Bethe Ansatz solution of the problem of the isotropic Heisenberg Hamiltonian for a ring with N nodes [1] has proved to exhibit various, sometimes surprising, connections with several topics in contemporary mathematical physics, like exactly solvable systems [2] , Yang-Baxter equations [2, 3, 4] , inverse scattering [5] , or quantum groups [6, 7] . In particular, this solution allows us to interpret some subspaces of the Hilbert space for the Heisenberg magnet as spaces of quantum states of a system of special kind of particles, referred hereafter to as Bethe pseudoparticles. They are spin deviations, treated as particles moving on the ring, with dynamics precisely de¯ned by the Heisenberg Hamiltonian [8, 9, 10] . In this paper we aim to study the case of r = 2 spin deviations, with a particular attention paid to topological properties of the underlying classical con¯guration space for such a system. We believe that such a study can enlighten the nature of quantum numbers of Bethe Ansatz solutions, i.e. winding numbers or rigged con¯gurations [11] in terms of classical trajectories.
2 The formulation of the problem LetÑ = fj = 1; 2; :::; N g
be the set of all nodes of a magnetic ring, and C N = (Ñ ; +) with ; \ + \ denoting addition modulo N -the translation symmetry group of the magnet. Let j0 >= js; s; :::; s >
be the magnetic con¯guration of the magnet, corresponding to the ferromagnetic saturation, i.e. z-projections of the spin on each site achieve their maximum values s. Here, we are interested in the set of all those magnetic con¯gurations which have two spin deviations from the saturation state j0 >. Each such con¯guration is uniquely de¯ned by the formula
withŝ ¡ j =ŝ x j ¡ŝ y j , etc., being spin operators at the node j 2Ñ . It is natural to interpret the linear extension of this set of states over the¯eld of complex numbers as the space of quantum states of the system of two spin deviations (Bethe pseudoparticles). We refer hereafter to the set
of all positions of the system of two spin deviations to as the classical con¯guration space of this system, in full accordance with the traditional SchrÄ odinger picture of Quantum Mechanics (as well as with a naive picture of Bethe pseudoparticles). In this paper we aim to study some geometric features of the classical con¯guration space Q, imposed by the kinematics and dynamics of the Heisenberg magnetic ring. In particular, we are going to show up that the apparently evident cartesian structure of Q, as given by the de¯nition (4), remains true only locally, whereas in the global sense it needs some essential topological departure from the picture of a°at surface.
Kinematics
The classical con¯guration space Q is an orthonormal basis in the Hilbert space H of all those quantum states of the magnet, for which the z-projection of the total spin
is equal to N s ¡ 2. For s = 1=2, Q forms an orbit of the action of the symmetric group § N on the set of all magnetic con¯gurations, with the Young subgroup § fN¡2;2g = § N¡2 £ § 2 » § N (6) as the stabiliser. For s > 1=2, Q includes also the second orbit of this action, with the Young subgroup
corresponding to such magnetic con¯gurations for which both spin deviations are located at the same lattice site [12] . The completeness of the space H is expressed as
The set Q has, by its de¯nition (4), a natural structure of a¯nite piece of a square lattice on the cartesian (j 1 ; j 2 ) -plane, or, more precisely, on the rectangular isosceles triangle
with the node (1,N) corresponding to the right angle, and the hypotenuse (1,2)(N-1,N) and (1,1)(N,N) for s = 1=2 and s > 1=2, respectively. Hereafter we refer to GT as to the global triangle. Clearly,
where
is the \hard core" orbit of § N , corresponding to the Young subgroup (7), with the two Bethe pseudoparticles at the same site (cf. Fig. 1 ). Let us discuss the structure, imposed on the set Q by the cyclic group C N -the translation symmetry group of the system. Clearly,
so that each orbit O ¹ of the symmetric group § N decomposes into complete orbits of the subgroup C N , in accordance with the Mackey theorem which reads [14] 
Here, R G:H denotes the transitive representation of a group G, with a stabiliser H » G,
is the set of all divisors of the integer N, and thus the set of all stabilisers C · / C N , and m(· ; µ) is the multiplicity of a µ -tuply rare¯ed orbit of
The relevant decompositions (13) in our case read
for N odd;
for N even;
and
Thus, the orbit O N¡2;2 of § N decomposes into (N ¡ 1)=2 regular orbits for N odd, whereas for N even it involves a single doubly-rare¯ed orbit in addition to (N=2 ¡ 1) regular ones. A regular orbit has the form O t = f(fj; j + tg)jj 2Ñ g; t 2 f1; 2; :::; m(fN ¡ 2; 2g; 1)g;
is the symbol which assures the ordering convention implied by Eq. (4). The doubly rare¯ed orbit (for N even only) reads
The action of the translation group C N thus introduces the structure of orbits in the conguration space Q. In the cartesian coordinate system (j 1 ; j 2 ), these orbits are located on the lines, which are parallel to the main diagonal. The orbits are labelled consecutively by t = 0 (the main diagonal, corresponding to the hard core orbit HC); 1; 2; :::(N ¡ 1)=2 or (N=2 ¡ 1) for N odd or even, respectively (regular orbits with the single occupancy), and N=2 ( the doubly rare¯ed orbit, for N even). The hard-core orbit HC (t = 0) is regular and constitutes the hypotenuse of the global triangle GT (s > 1=2), whereas each regular orbit t > 0, corresponding to the single occupancy, enters GT in the form of two lines, parallel to HC. For N even, there exists a doubly rare¯ed orbit, situated in the middle of the global triangle (cf. Fig. 2 ). Fig. 2 The structure of orbits of the translation group C N on the con guration space Q for N = 7 ( Fig. 2a) and N = 8 (Fig. 2b) . The hard-core orbit t = 0 consists of a single line -the hypotenuse of the corresponding right triangle, whereas all regular orbits t > 0 are divided into two pieces. Fig. 2b shows also the doubly rare ed orbit t = 4 inside the triangle.
Clearly, continuity requirements demand that each orbit t of the cyclic group C N should consist of the set of consecutive points on a circle. It suggests to look at the presentation of the con¯guration space Q in the form of Eq. (4) or (9) as a chart of a continuous curved manifold ¹ Q, such that each orbit t de¯nes on ¹ Q a loop (homeomorphic to a circle), and that these loops do not intersect mutually.
Dynamics
It is well known [13] that the standard isotropic Heisenberg HamiltonianĤ acts in the space H according to a simple formulâ
where Q is the set of nearest neighbors of j 2 Q, including the fact of modular range of j 1 and j 2 . More speci¯cally, we havê
Thus the action of the Heisenberg Hamiltonian yields the dynamical argumentation towards the structure of cartesian coordinates (j 1 ; j 2 ) in the con¯guration space Q. Namely, each point (j 1 ; j 2 ) 2 Q is the intersection of the two ,, coordinate axes":
where one has to exclude the element with j 1 + j = j 2 for s = 1=2.
For example, the node (j 1 ; j 2 ) = (3; 5) in Fig. 1 is the intersection of the two following axes: (15)(25)(35)(45) 
where ® denotes the vertical or horizontal boundary on the chart given by Eq. (4) and Fig. 1 , and 4 denotes the neighborhood of the hard core orbit t = 1. Clearly, each such axis J should also de¯ne a continuous loop on the manifold ¹ Q, a closure of the con¯guration space Q. Therefore, each cartesian axis J of the chart (4) should have globally a curvature which a®ords the structure of at least a circle (and, possibly, of some its multiple cover). It is easy to observe that each axis J is presented in the chart (4) by a straight line inside the global triangle GT, but changes its direction into the perpendicular one twice when passing through boundaries of GT: once through either the vertical or horizontal edge (the isosceles arm (1,1)(1,N) or (1,N)(N,N) , respectively), and the second time when intersecting with the hard-core orbit t = 0 (the hypotenuse (11) (N,N) ). It is also evident, that each cartesian J has a discontinuity for s = 1=2 when approaching the hard-core orbit, since that orbit does not exist in this case.
Homotopy properties
We have demonstrated in the last two sections that both kinematical and dynamical arguments suggest an embedding of the classical con¯guration space Q, as a¯nite set of nodes, into a continuous surface ¹ Q. Such a surface should provide the cyclic structure for each orbit t of the cyclic group C N , as well as for each cartesian coordinate axis J. Locally, the manifold ¹ Q should resemble the°at surface < 2 , in accordance with the chart given by Eq. (4). Let us connect each pair of the nearest neighbors in each orbit t of the cyclic group C N as well as each such pairs in the coordinate axes by an oriented edge, treated as a one-dimensional simplex in ¹ Q. In this way, each orbit t yields a cyclic complex, hereafter referred to as an orbital line, whereas coordinate axes provide cartesian lines. Both types of lines de¯ne a dissection of the surface ¹ Q into triangles, interpreted hereafter as two-dimensional simplexes. The con¯guration space Q itself is the set of zero-dimensional simplexes. The system of all these zero-, one-, and two-dimensional simplexes forms a simplicial com plex ¹ ¹ Q, or, in other words, a triangulation of ¹ Q in the language of homotopy [15] . Such a triangulation for the case N = 8 and s > 1=2 is presented in Fig. 3 . Some topological properties of the surface ¹ Q are given by its¯rst homotopy group º 1 ( ¹ Q) which yields classes of non-contractible loops on ¹ Q. By standard techniques, º 1 ( ¹ Q) is isomorphic with the edge group G( ¹ ¹ Q; L) of any of its triangulation ¹ ¹ Q, with L » ¹ ¹ Q being any such a tree on ¹ ¹ Q which encompasses all vertices, i.e. such that Q » L. We now sketch the construction of the edge group G( ¹ ¹ Q; L), and therefore the homotopy group
that is, we choose the tree L as consisting of connected edges of nearest neighbors in (i) each horizontal axis j 0 2 f2; 3; :::; N g, (ii) the leftmost vertical axis ,, 1", in the map of Q, as given by Eq. (4) (Fig. 4) .
Let j = (1; N ) be the ,, initial" vertex in the tree L, so that each vertex (j 1 ; j 2 ) has 
One associates with each edge [j;
Each loop corresponding to an edge, which lies on the tree ([j; j 0 ] » L), is combinatorially trivial, so that the group G( ¹ ¹ Q; L) is generated by all edges lying on ¹ ¹ Q n L. Each triple [j 1 ; j 2 ; j 3 ] of edges, which forms a triangle (a two-dim simplex in ¹ ¹ Q) with j 1 < j 2 < j 3 (for an arbitrarily chosen complete order in Q), should satisfy the relation
(We use the lexicographic order in Q, but omit appropriate arrows on¯gures for reason of transparency).
Using these rules, one readily obtains the structure of the edge group G( ¹ ¹ Q; L), and thus the homotopy group º 1 ( ¹ Q). E.g. when applying Eq. (27) to the triangle (16)(17)(27) in Fig. 3 one gets ® (16; 27) = 1. In the same way, it follows that each edge [j; j 0 ] inside the global triangle (11)(18)(88) in Fig. 3 yields a trivial loop ® (j; j 0 ) = 1. Therefore, we have to consider only the edges outgoing from the boundary nodes in Fig. (cf. Fig. 5 ). 
for cartesian loops, horizontal and vertical respectively, and
for the orbital (hard-core) loop. It follows from Fig. 5 that these loops generate the homotopy group, and are mutually dependent. Also, all other loops can be expressed in terms of x, y, and z. In particular, the simplex (12)(18)(28) implies
which means that both cartesian loops are combinatorially (and thus homotopically) equivalent, whereas the simplex (11)(18)(88) yields
We therefore observe that the orbital loop z is equivalent to the double repetition of a cartesian loop. It must be noted that the latter simplex, (11)(18)(88) should not be confused with the global triangle (11)...
(18)...(88).
Finally, we obtain
that is, the¯rst homotopy group of the considered con¯guration space Q » ¹ Q for the system of two Bethe pseudoparticles coincides with that for a circle. It is generated by a single loop, which can be chosen as any of the cartesian axes. Equivalently, the result (32) can be derived from Fig. 6 which presents the triangulation ¹ Q in more detail. For s=1/2 the general result (32) remains essentially the same, but cartesian axes x and y cease now to be loops, for the evident reason of a discontinuity implied by the absence of the diagonal orbit t=0 (HC of Eq. (11)). In this case, the group º 1 ( ¹ Q) is also generated by a single loop, namely by any regular orbit, which is combinatorially equivalent to z.
Strictly speaking, the embedding ¹ Q cannot be a closed manifold, but rather a surface with a boundary. The boundary is a loop de¯ned by the orbit t = 0 of hard core and t = 1 of the nearest neighbors, for s > 1=2 and s = 1=2, respectively, and the surface ¹ Q itself is a M} obius strip. It is well known that the homotopy of a M} obius strip is exactly the same as that of a circle, and thus is given by Eq. (32). A simple way of constructing the M} obius strip for N = 8, s > 1=2, is presented in Fig. 7 , which provides another chart of the con¯guration space Q. In this chart, horizontal lines correspond to orbits t, whereas the diagonal and antidiagonal lines are cartesian axes. The M} obius strip is obtained by gluing the vertical edges of the rectangle on Fig. 7 after making a twist.
Discussion of paths in the con¯guration space
We have found that the classical con¯guration space Q for the system of two Bethe pseudoparticles on a ringÑ can be embedded into a surface ¹ Q which reproduces the kinematical and dynamical properties of the system. Now we proceed to draw some further conclusions concerning paths in the con¯guration space Q. As pointed out in Sec. 4, the only possible quantum transitions generated by the Heisenberg Hamiltonian occur between nearest neighbors in Q, along any cartesian axis. Thus a classical path corresponds to any cartesian axis or any zig-zags from one axis to another. In particular, an orbit t cannot be, in general, a path since each elementary quantum transition is realized, according to Eq. (20), between nearest orbits, t and t § 1.
Eq. (20) admits, however, an interesting exception to the above rule. This is the case of N odd, and the orbit t = (N ¡ 1)=2 of furthermost neighbors, f(j; j + (N ¡ 1)=2)g. Let us consider, for example, the M} obius strip corresponding to N = 7 and s = 1=2 (cf. Figs. 2a and 8) . Clearly, the path (15)(25)(26)(36)(37)(47)(14) (15) 
lies entirely within the orbit t=3. All transitions involved in this path satisfy the condition (20) for the nearest neighbors just by virtue of the geometry of the M} obius strip, since the orbit t=2 becomes a double cover of circle. This structure spreads over next orbits, up to the t=1 of nearest neighbors, which is just the boundary of M} obius strip, and thus also a double cover circle. The same arguments apply also to the hard core orbit t = 0 for s > 1=2. For N even, the situation changes only slightly, since here the furthermost orbit t = N=2 is doubly rare¯ed and admits only transitions to the next orbit, t = N=2 ¡ 1, which is regular. Thus the latter orbit adapts to the rare¯ed one, again as a double cover (cf. Fig. 6 ). In this way, all regular orbits of the cyclic group C N in the con¯guration space Q, embedded on the M} obius strip, acquire, by mechanical reasons imposed by the Fig. 8 A rectangular chart of the con guration space Q for N = 7, s = 1=2. The lines show the physical path which lies within the furthermost orbit t = 3. On the corresponding M} obius strip, this path reproduces the orbit t = 3 as a double cover of a circle.
geometry, the structure of a double cover of a circle.
Conclusions
We have considered the classical con¯guration space Q for the system of two Bethe pseudoparticles on a ring consisting of N nodes. The con¯guration space Q is a¯nite set of points j = (j 1 ; j 2 ) -possible locations of two pseudoparticles on the ring. The action of the translation group C N -the symmetry group of the system -de¯nes the structure of orbits. The Heisenberg Hamiltonian, which induces quantum jumps between nearest neighbors only, introduces the structure of neighborhood, consistent with that of C N -orbits. We have pointed out that both structures on Q can be interpreted as a triangulation ¹ ¹ Q of a continuous surface ¹ Q which is locally°at, but globally reproduces a curvature imposed by loops in ¹ ¹ Q. Here we have shown that (i) the homotopy º ( ¹ Q) ¹ = Z coincides with that of a circle, i.e. is generated by a single loop, (ii) the surface ¹ Q itself is homeomorphic with a M} obius strip, (iii) each regular orbit of the translation group C N corresponds, after embedding in ¹ Q, to a loop which is a double cover of a circle. In this way, the geometry of the complement ¹ Q of the con¯guration space Q reproduces the dynamics of the system.
